The purpose of this paper is to study oscillation of Runge-Kutta methods for linear advanced impulsive differential equations with piecewise constant arguments. We obtain conditions of oscillation and nonoscillation for Runge-Kutta methods. Moreover, we prove that the oscillation of the exact solution is preserved by the θ -methods. It turns out that the zeros of the piecewise linear interpolation functions of the numerical solution converge to the zeros of the exact solution. We give some numerical examples to confirm the theoretical results.
Introduction
In the past three decades, the theory of differential equations with piecewise constant arguments has been intensively studied. In , Cooke and Wiener [] studied differential equations without impulses and noted that such equations were related to impulsive and difference equations. Later, oscillation of discontinuous solutions of differential equations with piecewise constant arguments has been proposed by Wiener as an open problem [], p.. In recent years, the Euler method for impulsive and stochastic delay differential equations has been studied in [] and [] , and impulsive delay difference equations have been studied in [] . Especially, oscillation of advanced impulsive differential equations with piecewise constant arguments has been studied in [] . Furthermore, in [] , asymptotical stability of Runge-Kutta methods for the advanced linear impulsive differential equation with piecewise constant arguments was studied. In the present paper, we study oscillation of Runge-Kutta methods for the following equation: ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ The rest of the paper is organized as follows. In Section , the results about oscillation of the exact solutions of (.) in [] are introduced. In Section , the conditions of oscillation and nonoscillation for Runge-Kutta methods are obtained. In Section , the conditions of oscillation and nonoscillation for θ -methods are obtained. Moreover, it is proved that the oscillation of the exact solution is preserved by the θ -methods. It turns out that the zeros of the piecewise linear interpolation functions of the numerical solution converge to the zeros of the exact solution with the order of accuracy  (θ =   ) and  (θ =   ). In the last section, two simple numerical examples are given to confirm the theoretical results.
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Preliminaries
is said to be a solution of (.) if it satisfies the following conditions:
() x : [, ∞) → R is continuous for t ∈ [, +∞) with the possible exception of the
is right continuous and has left-hand limit at the points
with the possible exception of the points
(e -at -), and m  (t) = c a (e -at -).
Definition . (See [])
The solution x(t) of (.) is said to be oscillatory if there exist two real-valued sequences (t n ) n≥ , (t n ) n≥ ⊆ [, ∞) such that t n → ∞, t n → ∞ as n → ∞ and x(t n ) ≤  ≤ x(t n ) for n ≥ N with N sufficiently large. Otherwise, the solution is called nonoscillatory.
Remark . When -d > , Definition . is equivalent to the following one: The solution x(t) of (.) is said to be oscillatory if x(t) has arbitrarily large zeros, that is, for every T > , there exists a pointt > T such that x(t) = . 3 Runge-Kutta methods
Oscillation of Runge-Kutta methods
Consider the Runge-Kutta methods for (.): where n = km + l, and x n is an approximation of the solution x(nh) of (.), n = , , . . . . For the above-mentioned Runge-Kutta methods, in the following, we always assume that there exist δ  <  and δ  >  such that  < R(z) <  for δ  < z <  and R(z) >  for  < z < δ  , which means that 
Proof Assume that I -zA is invertible. For k = , , . . . and l = , , . . . , m, we can obtain that
which implies
with error
It is the unique rational approximation to e z of order j +k such that the degrees of numerator and denominator are j and k, respectively.
and only if k is odd;
and, for z <  (a > , z = -ah), (i) R(z) > e z for all z <  if and only if j is even,
where η is a real zero of Q k (z), and ς is a real zero of P j (z).
) is oscillatory if any one of the following conditions holds:
() a < , and k is odd for h =
Proof When a <  and k is odd, by Lemma . we obtain that
which also implies that
Hence, (.)-(.) is oscillatory by Theorem ..
Nonoscillation of Runge-Kutta methods
, then the Runge-Kutta method (.) 
 -e -a < , which also implies that
Hence, we obtain that
, then
Proof It follows from c > , x + b a (x -) > , and (R(z) m -) > . Therefore, we can obtain that
which also implies
Consequently, we have
By Lemma . we obtain that, for l = , , . . . , m, k = , , , . . . ,
which means that
Hence, the Runge-Kutta method (.)-(.) is nonoscillatory.
Piecewise linear interpolation of θ -methods

Oscillation of θ -methods
Consider the following θ -methods for (.):
where h =  m with integer m ≥ . Define
which is an approximation of the solution x(nh) of (.), n = , , . . . . 
Lemma . For all m > |a|, we have
Piecewise linear interpolation of θ -methods
For convenience, define the functions y k (t) on the closed intervals [k, k + ], k = , , , . . . , as follows:
where x(t) is the exact solution of (.). Obviously,
By (.), that is,
we have
Suppose that x k (t) has two zeros k + α  , k + α  , and
Then we have
It follows from
Hence, y k (t) has at most one zero at [k, k + ], which implies that x(t) has at most one zero at [k, k + ].
Letx k (t), t ∈ [k, k + ], be the linear interpolation of (x k,l ) l=,,...,m given bȳ
which is a piecewise continuous numerical solution of (.). The following theorems give the properties ofx(t), t ≥ .
Theorem . Under the conditions of Theorem ., the piecewise linear interpolation functionx(t) defined by
Proof () Obviously, by mathematical induction we can prove that, for any nonnegative integer k,
and these contradictions lead to M = . Consequently, x k, = x k+, = , which impliesx k (t) ≡ , which is a contradiction to part () of the theorem. Hence,x k (t) has at most one zero in [k, k + ], which impliesx(t) has at most one zero in [k, k + ] for any integer k.
Theorem . Assume that the conditions of Theorem . hold and x(t) = . Then there is
Proof () Assume that x(t) = , t ∈ (k, k + ). Then it follows from Theorem . that
Hence, by Theorem . there is h  such that, for h < h  ,
It is easy to see from Theorem . that there is a uniquet ∈ (k, k + ) such thatx(t) = . Assume that t =t. By Theorem . we obtain that
On the other hand,
where ξ is in between t andt. So x (ξ ) = ; otherwise, x(t) = , which is contrary to Theorem .. Hence, ), which is in agreement with Theorem ..
